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AlJstract-The bilinear tensor operation A x B corresponding to the quadratic operation A x A iE

A*, and the tensor operation A • B • Ae, x Be" are introduced.
Body forces b(X, Y, F) which do path-independent work during all fixed-surface deformations

are shown to have the form

b ... F*p+F.q+r

and to be associated with tractions

f- (1lF*+2QxF+R)N

and volume potential densities

eII-ll det F+Q'F*+R' F+tp.

The coefficients ofb and ell satisfy the equations

p divy QT -ollloX

q curly RT +curlxQ

r otploY-divxR.

Moreover. f ... (MloF)N and It ... MloY - Divx (MloF).
The paper concludes with several generic examples.

I. INTRODUCTION

The configurations ofa deformable body can be represented by a family ofvector functions
Y = ~(X) with a common domain D in E 3• One may think of D either as an initial
configuration of the body or as the domain of parametrization of a system of curvilinear
coordinates. In either case the coordinates X of the points in D serve as labels for the
material points of the body. Each point in the deformed configuration ~(D) has material
coordinates X and spatial coordinates Y = ~(X). The map Y = ~(X) is one-to-one and the
deformation gradient F =oY/eX has a positive determinant.

I have two main objects in this paper. One is to introduce some tensor operations
which help simplify the use ofvector and tensor methods; the other is to characterize those
body forces b(X, Y,F) for which there exist surface forces f(X, Y,F) such that the two
together are conservative, in the sense that the work they do along any configuration path
depends only on the initial and final configurations of the body. band fhave the dimensions
of force per unit volume ofD and force per unit area ofoD, respectively.

First, suppose that 4)(X, Y, F) is real valued, and that f and b are defined by

f == (iJ4)leF)N

b = i(4)loY - Divx (;)(bleF) E Lfb,

where Divx (iJ4)loF) E divx [(iJ4)leF)(X, ~(X),F(X))].
Then the work done by band f together along any configuration path Y = ~(X, e),

O:E;;e:E;;l,is
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696 D. FISHER

f [L (oY foe) . b d V+ 10 (oY/oe)' (o<l>/oF)N dI:] de

== fL«oY/oe)'(b+Divx<o<l>/oF)]+(oF/oe)'(o<l>/oF»dVde

== fi [(oY/oe)' (O<l>/oY) +(oF/oe)' (o<l>/oF)] d V de

where <I>~(X) == <I>(X, ~(X,IX), F(X, IX».
The body force L<I> and the surface force (o<l>/oF)N are together conservative and have

the volume potential density <1>.
Conversely, ifb' and f'are any body force and surface force together having the volume

potential density <1>, then along any configuration path Y == ~(X, e), 0 ~ e~ I,

f (L (oY/oe)' (b' - L<I» d V+ 10 (oY/oe)' [fl - (o<l>/oF)N) dI:) de == 0

so b' == b == L<I> and f' == f == {o<l>/oF)N. (A computational proof for the case b == b{X, Y, F)
will be given in Section 3.)

Although f depends on X, on Y, and on F == oY/oX, b may depend in addition on the
second derivatives ofY with respect to X, through the term Divx (0<l>/0F). However, in this
paper attention will be restricted to body forces of the form b(X, Y, F). This class is large
enough to contain the usual sort of body forces b(X, Y), and also to allow hydrostatic
pressures and dead loads, as well as elastic stress fields f == S(X, F)N among the comple
mentary boundary forces.

2. WHAT WILL BE PROVED

Suppose that b(X, Y, F) is a conservable body force, that is, a body force which does
path-independent work within each set of configurations agreeing on oD, as would be the
case if b together with some surface force were conservative. The following three theorems
will be proved. Notation introduced in the statements of theorems is explained in the
Appendix, where various algebraic lemmas to be used in Section 3 are also introduced.

Theorem 1. b has the form b == F*p+F*q+r,

where curix p-divy qT == 0

and divx q+curly r == O.

Comments. p and r are vector functions and q is a tensor function of X and Y.

Theorem 2. There is a surface force f == {xF* +2Q x F+R)N such that b and fare
together conservative, with potential density <I> == x det F+ Q' F* + R' F+ cpo The coefficients
ofb and <I> are related by the equations

p == divy QT -ox/oX

q == curly RT +curlx Q

r == ocp/oY -divx R.
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Comments. 1t and rp are scalar functions and Q and R are tensor functions of X and
y. f is a variationally admissible traction in the sense of Edelen and Lagoudas (1986, pp.
665-666).

Theorem 3. The body force b, the surface force f, and the potential density eI> are related by

f = (oeI>/oF)N

b = oeI>/oY - Divx (0eI>/0F) = LeI>.

Comments. If b and some surface force f' different from f have together the volume
potential density eI>', then L(eI>' -eI» = b- b = 0, so eI>' -eI> == "is a null Lagrangian. Edelen
and Lagoudas (1986, p. 664) have shown that a null Lagrangian has the same form as eI>
in Theorem 2; therefore so does eI>' = eI>+", and therefore f' == (o4>'/oF)N has the same
form as f.

The surface forces (o,,/oF)N corresponding to null Lagrangians are those surface forces
which are in themselves conservative. (See examples (b)-(e) in Section 4.)

3. PROOFS

Proofof Theorem 1
Suppose that (j 1Y and (j2Yare variations of a configuration Y = ~(X) which vanish

on cD, and suppose that Y('; 6h62) == Y+61(jIY+62(j2Y is a configuration of B for all
sufficiently small 61 and 62' say for (6h 62) in some disk ~ centered at (0,0).

Let b(';6,,62) be the body force associated with the configuration Y(';6h62)' Let
rp(6,.62) be the work done by b along any path in ~ from (0,0) to (6h&2)' Then rp is well
defined, and its mixed partial derivatives are equal.

But

(Orp/O&I) = lim (l/h)[rp(&1 +h, 62) - rp(& h 62)]
h-O

= lim (l/h)[ f."+h rb(X; 6, &2)' (0/06)[Y(X; &,62)] d V de]
h_O 'I JD

= lim (l/h)[ f."+h rb(X; 6,62)' (jl Y d V de]
h-O "JD

0= 02<p/0&2 0&,-02rp/061 0&2

=(0/0&2>[ 1 b(X; &h 62)' (jl Y dVJ-(o/061>[1 b(X; &h 62) '(j2Y dVJ

= 1 [(0/062)b(X; &h &2)' (jl Y - (%&l)b(X; &h 62)' (j2Y] dV.

Since
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it follows that
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(%ei)b(X; e" e2) = (ob/oY)(oY/oe;) + (cb/oy. j)(cYjoe;)

= (ob/oY)bjY + (cb/cY,JbjY,j,

Judiciously integrating by parts (and writing vA for ATv), we have

0= L(b,Y[(ob/oY)-(ob/oy)T -(ob/oY,J.j]

-<5, Y. j [(ob/oY) + (Ob/Oy)T]). <5 2Y dV+L[15, Y (ob/oY)' <5 2Yl.jdV.

The last integral vanishes, by the divergence theorem, since <5 IY = <5 2Y = 0 on oD.
Therefore

If each configuration Y is sufficiently rich in small variations <5Y vanishing on oD [cf. Edelen
and Lagoudas, 1986], then

(ob/oy. ,) + (ob/oy.I)T = 0

(ob/oy. 2)+ (ob/oy.2)T = 0

(ob/oy. 3) + (ob/oy. 3)T = 0

(ob/oY}- (Ob/oy)T = (ob/cY,J.j'

These equations have been derivedfrom the symmetry condition

(I)

(2)

in the same way that Euler-Lagrange equations are derived from a stationary condition of
the form o({)/oe = O. Equations (1) imply that

obl/oY!k+obi/oY~k= 0, i,j,k = 1,2,3.

It follows by brute force (see Fisher, 1987, Appendix 1, for a similar argument) that b
can be written in the form

b =pl(y.1' xY.r)+(Y. i xq;)+r

= F*p+F#q+r, (3)

where pi, ql and r are functions of X and Y. Use of this representation of b, and the
component form of (2), produces the equations

(orpj" -OJ"pi')-Okq'j = 0

-okq~+(Orrl' -01
/) = 0

where 01 = %XI and 01 = O/oyl.
These equations have the vector form

curlx p-divy qT = 0

divx q+curly r = 0 (4)
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where p is the vector with components i and q is the tensor with components q~.

Proofof Theorem 2
Let Pbe the 4-form

then

=0,

so there is a 3-form

such that

dGt == (Oj1t-<JkQDdyl dy2 dy3 dXj

+ [(oJ.Q{- - OjQ{:) + (iYR( -ojRn] d yj d yl' dXj dXl'

+(okR~ -ojqJ) dyj dX I dX2 dX3

= p.

The substitutions dyj = (oyj/oXj)dXj+ (oyj/os) ds produce

p= [Pj(y.1' x Y. j-) + (Y.j xqj)+r]' (oY/os) dX1dX2 dX3 ds

=b' (oY/oe)dX1 dX2 dX3 de,

Gt = -[1t det F+Qj'(Y,1' x Y.r)+Rj·Y.j+qJ]dX1 dX2 dX3

- [1t(Y,J x Y.l')+(Qj x Y,l' -Ql' x Y.j)+Rr ]· (oY/os)dXjdXj' ds

= -(1t det F+Q' F*+R' F+qJ)dX1 dX2 dX3

- (1tF* + 2Q x F+ R)N dl: • (oY/os) ds,

where dl: is the element of surface area on oD.
By the generalized Stokes' Theorem,

rl rb' (oY/os) dX1dX2 dX3 ds = r p
Jo JD JDX[o,l)

- r Gt
JOID x [0.\])

= r (1t det F+Q' F*+R' F+qJ)dX I dX2 dX3
Jox {I}

_r (1tdetF+Q'F*+R'F+qJ)dX.dX2 dX3
Jox{O}

- r (1tF*+2Q x F+R)N dl:- (oy/os)ds.Jeox [0.1)
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Therefore if the surface load
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f == (rrF*+2Q x F+R)N, per unit area of eD,

were added to the body force b, the two together would be conservative and have the
volume potential density

<I> == rr det F+ Q . F* + R •F+ qJ.

Comparison of ex and df3 shows that

pi == okQ~-oirr

qj == (OJ'QI" -OrQ() + (ei"R{.-orRI·)

ri == Oi qJ - okR7

or

p == divy QT -orr/eX

q == curly RT +curlx Q

r == oqJ/oV -divx R.

(The curl of a tensor field is another tensor field. Note that divx F* == 0 and curlx F == 0.)

Proofof Theorem 3
One proof was sketched in the Introduction. Here is a different proof. the details of

which are useful for constructing examples.
Straightforward computation shows that

o(det F)joF == F*, o(Q' F*)/oF == 2Q x F, and o(R' F)/oF == R.

Therefore (o<l>joF)N == f.
To show that L(<I» == b, i.e. that

L(rr det F+Q' F*+R' F+qJ) == F*p+q:jj:F+r

== F*(divy QT -onjoX)-(curly RT+curlx Q):jj:F+(cqJ (:V -divx R),

it will be sufficient to show that

(i) L(n det F) == - F*(on/oX)

(ii) L(Q' F*) == F*(divy QT) - (curlx Q) #F

(iii) L(R'F) == -(curlyRT):jj:F-divxR

(iv) L(qJ) == oqJ/cV.

Proofof (i). L(1t det F) == o(1t det F)/OV - Divx (nF*), and

Divx (1tF*) == o(1tFr x Fr)jcXi

== [on/cXi+(onjoy)' (oVjOXi)](Fi' x Fr ) +1t divx F*

== F*(o1t/oX) + [(o1t/oV)Fi](Fi' x Fr )

== F*(o1t/oX) +F* FT(on/oV)

== F*(o1t/oX) + (det F)(01t/oV)

== F*(o1tjoX) + o(n det F)/OV.
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Proof of (ii). Since o(Q' F*)/oF = 2Q x F, (ii) is equivalent to

o(Q' F*)/oY - Divx(2Q x F) = F*(divy QT) - (curlx Q) ,*F, or

Divx (2Q x F) = (curlx Q) ,*F+o(Q' F*)/oY - F*(divy QT).

But

Divx (2Q x F) = o;(Qr x F;. - Q;. x F;,)

= [o;QI' + (oiQr)(o;yi)] xF;·+Qr x o;F;.

- ([o;Qr + (oiQr )(0; yi)] x Fr +Q;. x o;Fr )

=(o;Qr) xF;.-(o;Qr) xFr

+Qr x (o;Fr)-Qr x (o;Fr)

+ (OiQr)(O;yi) x F;. _(OiQ;.)(o;yi) x Fr.

The first line of this expression is equal to:

(orQ;·) x F;- (o;·Qr) x F;

= (orQ;·-o;.Qr) xF;

= (curlx Q) ,*F.

The second line is equal to :

Qr x (o;Fr)-Qr x (o;.F;)

=Qr x (o;F;.-o;.F;)

= -Q '* curlxF

=0.

The third line is equal to:

[(oQr/oY)F;] x F;. - [(oQr/oY)FI] x FI'

= [(oQdoY)FI·] x Fr-[(oQdoY)Frl xFr

= 2[(oQdoy) xI](Fr xFI,) (note: 2A xl = (traceA)I-AT)

= [(divy QI)I-(oQdoy)T](FI' x Fr)

=(oQdoy)T(Fr x FI·)-(divy QI)(Fr x Fr )

=o(Q' F*)/oY -F*(divy QT).

Proof of (iii). Since o(R' F)/oF = R, (iii) is equivalent to:

o(R' F)/OY - Divx R = - (curly R T) '* F - divx R, or

Divx R = divx R+o(R' F)/OY + (curly RT),*F

= divx R+o(RI.• F';)/oY + (curly R;) x FI

= divx R+ (oRdoY)TFI+ (curly RI) x Fl'
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and
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Divx R == (oR;/cX;) + (oR;/oV)(oV/OX;)

== (oR;/oX;) + (oRdoV)F;

since it is in general true that

(curly a) x b == (oa/oV)b-(oa/oV)Tb.

Proofof (iv). Obvious.

4. EXAMPLES

(a) If I'(V) is gravitational potential, and p(X) is mass density per unit volume of D,
then b == p(X)ol'/oV and f == 0 have together the potential density «I> == p(X)I'(V).

Comment. It follows from the equations of Theorem 2 that only body forces of the
form Oq>(X, V)/oV can do path-independent work by themselves, without the aid of any
traction.

(b) It has been shown (Fisher, 1988) that any position-dependent pressure f dl: ==
x(V)F*N dl: == x(Y)n dcr with x == divy A has the surface potential IA(y)' n dcr and there
fore the volume potential f x(V) dv = f0 x(Y) det F d V. This formula «I> == x(Y) det F is now
reconfirmed, since o«l>/oF == x(V)F*, and by part (i) of the proof of Theorem 3, L«I> == O.

(c) A dead-load f(X) satisfying faD f(X) dl: == 0 has the surface potential density V' f.
To get its volume potential «1>, let a(X) be a vector field harmonic on D satisfying
(oa/oX)N == f(X) on aD. Then «I> == R' F == (oa/oX) •F satisfies o«l>/oF == oa/oX, so
f = (o«l>/oF)N; and by part (iii) of Theorem 3, L«I> == b == O.

Comment. A non-zero dead-load of constant density with respect to the material
coordinates does path-independent work but is not of the form f == (xF* + 2Q x F+ R)N.

(d) Suppose Jl(X) is a scalar field satisfying faD Jl(X) dl: = 0 and q> is a scalar field
depending only on V. The surface force f == Jl(X)oq>/oV has the surface potential density
Jl(X)q>(y), and if oc(X) is any function harmonic in D satisfying (ooc/oX)· N == Jl on oD, then
f together with the body force b == 0 has the volume potential density

«I> == R' F == [(oq>/oV) ® (ooc/o~)] •F == oq>/oV' F(ooc/oX).

Proof (oc'b/oF)N == RN == oq>/oV [(ooc/oX) •N] == Jl oq>/oY == f. Also curly RT == 0 and
divx R == 0, and therefore by part (iii) of the proof of Theorem 3, L«I> =b == O.

(e) For any scalar field oc(X) and vector field a(Y), let

c'b == (curly a)' F*ooc/oX == [(curly a) ® (ooc/oX)]· F* == Q' F*.

Then divy QT == 0 and curlx Q == 0, so by (ii) of Theorem 3, Lc'b == O. Therefore the surface
force f == (Oc'b/oF)N == (2Q x F)N is conservative, with volume potential density «1>.
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APPENDIX
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Throughout this paper the summation convention is augmented by the successor relation 3 = 2' = I",
2 = I' = 3", I = 3' = 2". Summation is triggered only when there is an unprimed index in a cofactor.

For some arguments, it is easier to use components relative to a fixed orthonormal basis e" e2' e" In such
a basis, X == Xieiand Ai =Ae,. In particular, for the deformation gradient F!E av/ax, we have Fi = av/axi = V.i'

The subscript ,i represents differentiation with respect to the material coordinate Xi'
ai and ai are differentiation operators with respect to the material coordinate X, and the position coordinate

Y'; that is, a.! = a//aX,and 0'/ = allay'.
The notation vA is used for ATv.
If el. e2' e, is any positively oriented orthonormal basis for E ' , i.e. any vector triple satisfying e, = e.. x ei-,

then the various tensor operations used in this paper can be defined in terms of the basis {ei} by:

(i) divA: ei'div A = div(eiA)

(ii) curl A: e,curl A = curl (e,A)

(iii) A'B: A •B = Aei' Bei

(iv) A*B: A*B = Ae,x Be,

(v) A*: A*ei = Ae.. x Ae"

(vi) AxB: (A x B)e, = (1/2)[Ae,. x Be;,-Ae" x Be,.].

The operations div and curl are invariant under a rotational change of basis because the corresponding vector
operations are invariant.

A •B = trace (ATB) is also invariant. So is A*B, since for any rotation 0, Ae, x Be, =

(ATe.. ' BTe,. -ATe,,· BTe,.)e; =

(OTATe,. 'OTBTe,._OTATe;, 'OTBTe,.)e; = AOei x BOe;.

A* and A x B are also rotation invariant, since A* = A-Tdet A and A x B is bilinear in A and B, and
commutative, and A x A = A*, so A x B = (1/2)[(A+B)*-A*-B*].

Some further easy-to-prove algebraic properties:

(therefore F* transforms material surface area elements N dt into spatial surface area elements D du)

A* = a(det A)/aA

a(B' A)/aA = B

a(B'A*)/aA = 2BxA

(Aa) x b- (Ab) x a = 2(A x I)(a x b)

2(A x I) = (trace A)l-AT

(curly a) x b = (aa/oV)b- (oa/oY)Tb.

I*A is the unique vector satisfying (I*A) x v = (A -AT)v, for all vectors v, so I+A "" 0 if and only if A is
symmetric.

I omit proofs, since it is easier to prove these than to read through someone else's proof.


